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Three-dimensional analytical expressions 
of strain gauge coefficients of infinitely 
thick polycrystalline metal films 
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Theoretical equations for the longitudinal and transverse strain coefficients of resistivity 
in infinitely-thick polycrystalline films are derived from a three-dimensional conduction 
model; the changes in the grain sizes in the directions parallel and perpendicular to the 
applied electric field are considered. Numerical calculations are performed in the'typical 
case of silver, the strain coefficients are found to depend mainly on the grain parameter v. 

1. Introduction 
In the past few years the electrical resistivity, pg, 
of infinitely thick polycrystalline films was found 
[1-12] to depend on grain-boundary scattering 
effects. These effects have been recently studied 
[13] by taking into account the scattering effects 
due to three arrays of grain-boundaries respectively 
perpendicular to the x-, y- and z-axes (see Fig. 1) 
and by introducing [13, 14] a transmission coef- 
ficient, t, to describe the average property of the 
boundaries. 

Hence it is reasonable to expect that the 
scatterings from the grain-boundary will affect 
all the transport properties and therefore the strain 
coefficient of resistivity. The purpose of the 
present paper is to derive a general expression for 
the strain coefficient of resistivity, 7g, in infinitely- 
thick polycrystalline metal films. 

2. Theoretical work 
When the substrate is bent to produce a longi- 
tudinal (or a transverse) strain it is reasonable to 
expect variations in length L, width w, and also 
in the average grain-boundary spacings a=, ay and 
az (Fig. 1) which lie in the x-, y- and z-directions, 
respectively, and which are commonly identified 
with the grain size [13]. At the same time the 
strain introduces a change in the background mean 
free path lo and in the background resistivity Po. 

In terms of a three-dimensional model [13] the 
total film resistivity is represented by the function 

Pg = pg(Po, lo, a=,ay ,az ) ,  (1) 

but it is not easy to determine the strain coef- 
ficient by using the general expression of the 
polycrystaUine film resistivity commonly derived 
from the three-dimensional m o del [ 13 ]. 

The difficulty may be overcome by separately 
considering the contributions to the total resis- 
tivity pg of the three distributions of grain- 
boundaries. 

2.1. The film resistivity 
It has recently been shown [15] that such an 
approximate analysis leads to small deviations in 
the total film resistivity pg provided that the grain 
boundary parameter v i, defined [13] as 

v i = ailo I In- for i = x , y , z ,  (2) 

keeps values greater than 0.4. 
Let us recall that in terms of the above approxi- 

mate model the contribution to the resistivity, p• 
of the boundaries perpendicular to the applied 
electric field E x is given by [15] 

P• = [F(vx)]- '  -- 1, (3) 

where [14] 

F(vx)  = 3 v = { � 8 9  +u~'}. (4) 

The contribution to the resistivity, PJl, of the 
grain-boundaries parallel to the electric field E x is 
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Figure 2 The gain-boundary longitudinal gauge factor, 
")'EL, a s  a function of the grain-parameter, v, for r /= 1.15, 
/~ = 0.38 and #s = 0.25. 

Figure 1 The geometry of the model. 

expressed  [15] as 

PI.~I = [G(vi) ] - i  _ 1 for i = y ,  z, (5) 
Po 

where 

a ( v i )  = ~vi{~,  - �89 + (1 - v~) ln(1 + v?' ) .  (6 )  

Hence, the approximate form of  the polycrystal- 
line film resistivity becomes 

Pg/Po = M(Vz, vy, vz) 

= [F(vx)]-1 + [C(Py)]-1 + [G(pz) ] - 1 _  2. 

(7) 
2.2.  T h e  s t ra in  c o e f f i c i e n t  

According to the preceding discussion, when a 
longitudinal strain dL/L is applied to the substrate, 
the elasticity formulae [16 -19 ]  yield the follow- 
ing equations 

- -  ~ - - , u  s ( 1 1 )  
ax 

day dW 
- - -  ~ - -  (12) 
ay W 

daz ,[dW~ 
- `u  (13) 

tz Z 

With the assumptions that  the film material is 

isotropic and that  the variations in lo with defor- 
mation may be entirely a t t r ibuted to the change in 
the amplitude of  the thermal vibrations of  atoms 
[201, the strain coefficients of  Po and lo are given 
by [20] 

din po/de = r / +  1, (14) 

d in /o /de  = --  r/, (15) 

where de is the change in general strain e and 
r / =  2 g ( 1 -  2`U), where g is Griineisen's constant. 

Logarithmic differentiation of  Equation 7 gives 

da x dL 
__ ~ _ _  (8) 

a x L ' 

- `us - , (9) 
ay W 

--~--az a = - - t l  1--/~ \ L  ] 

(1o) 

where a is the film thickness, dW/W is the trans- 
verse strain and Ù and `us are the Poisson's ratio of  
the film and substrate materials, respectively. 

In a similar way, when a transverse strain dW/W 
is applied to the substrate, the strain equations can 
be written 

~ T  
~ =1.1| 

o.1 ~ lb ~oo 

Figure 3 The grain-boundary transverse gauge factor, 3'gT, 
as a function of the grain-parameter, v, for r/= 1.15, 
# = 0.38 and ~s = 0.25. 
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dpg d p o _  1 { & ) d F ( V x )  

Pg Po M(Vx, v s, Vz) dvx 
dv x + - -  _ _  1 dG(vs) d r ,  + 1 dG(Vz) dv~ 

(16) 
Gu(vv) dv v G2(vz) dvz 3 

Taking into account Equation 2 and noting that 

= dai dl__Ao 
v i a--7~ -- lo ;i = x , y , z ,  (17) 

and further introducing, for convenience, the func- 
tions 

dF(v~) 
v,, ~ [F(v~)1-2 = F*(v~,) (18) 

v, da(vi) '---~v/[C(vi)]-2 = G*("i);i = y , z ,  (19) 

where 

dF(v~) 3 
6v x + 9v~ In (1 + v; 1) 

dv x 2 

- -  3 v ~ ( 1  + px) -1 
and 

(20) 

dG(vi) 3 ( 3 2- ] 
dvi = - ~ t 3 v i - ~ + ( 1  --3vi ) In (1 + v[ 1)j, 

(21) 
finally, after some rearrangements, the relation is 
obtained that 

dpg dpo _ 1 fdl~ 
[F*(v~,) 

a~ ao M(ux, u,, ~) [Z-o 

+ G*(v,) + G*(vz) ] -- F*(vx) da___~x 
ax 

} - -  G * ( v , )  x - - - -  G * ( v z )  d a z  �9 ( 2 2 )  
ay a z 

Inserting Equations 8 to 10 and 14 and 15 into 
Equation 22, the longitudinal strain coefficient of 
grain boundary resistivity, 7eL = d In &(dL/L)  -1 
is found to be 

F*(vx) + G*(v s) + G*(vz) 
7gL = (r/+ t) --r'/ 

M ( V x •  Py, Uz) 

F*(~) C*(u~) 
M(v~, v~, Vz) u~ M(v~, v~, v~) 

G*(vz) (23) 
+ P' M(vx, vy, Vz)" 

In a similar way the transverse strain coefficient 
of grain boundary resistivity, 7~T, takes the form 

F*(v.)  + G*(vv) + G*(v.) 
'YgT = (7/+ 1) --77 

M ( p x ,  Py~ Pz) 

G*(vy) F*(vx) 
k #s M(vx, v.,  Vz) M(v,~, us, Vz) 

a*(v~) 
' ( 2 4 )  

+/a M(vx, u s, v,) " 

Simple analytical expressions for the film strain 
coefficients can then be expressed from the grain- 
boundary strain coefficients by introducing an 
approximate linear effective size-effect function 
[211. 

Equations 23 and 24 can then be helpful for 
analysing the strain effects in polycrystalline films. 

In the three-dimensional conduction model pro- 
posed by Pichard et al. [13] it is assumed that the 
grain sizes measured in the x-, y- and z-directions 
take equal values (i.e. vx = uy = u, = v). Figs 2 
and 3 show the variations of the longitudinal and 
transverse gauge factor with the grain parameter, v, 
taking the values of /~ and ~ typical for silver 
(r~ = 1.15, p = 0.38, [20]) and the value of Ps 
typical for glass (Us = 0.25, [17]). It is seen that 
the values of gauge factors 7eL and 7 ~  slightly 
decrease with decreasing values of v, that is, when 
the grain-boundaries act as more efficient scat- 
terers. 

The gauge factors TgL and 7gT appear to reach 
the bulk values 7L0 and 5'To when the grain param- 
eter v takes values greater than 50. This result is 
not surprising and could be deduced from the 
limiting forms of F(u), G(u) and their respective 
derivatives (with respect to v). Effectively in the 
limit of very large v, Equations 4, 6, 20 and 21 
reduce to the simple forms 

3 
F(v)iv-+~ ~ 1 4v '  (25) 

G(v)lv -+ 

dF(O 

dG(u) 
dv p _ ~  

3 
1 8v '  (26) 

3 
"~ - -  ( 2 7 )  4v2, 

3 
---  (28) 
8u2 �9 
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3. Conclusions 
An approximate form of the electrical resistivity 
of  polycrystaUine fi lm previously derived in the 

l ight o f  the th ree -d imens iona l  mode l  o f  grain- 

boundaries  gives analytical  expressions for the 

strain coeff ic ients  o f  resistivity which main ly  

depend on the average grain parameter ,  ~, and  tend  

to bulk values when the ef f ic iency o f  the grain- 

boundary  scattering processes is low. 
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